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In this work we explore the consequences that a non-minimal coupling between geometry and
matter can have on the dynamics of perfect fluids. It is argued that the presence of a static,
axially symmetric pressureless fluid does not imply a Minkowski space-time like as is in General
Relativity. This feature can be atributed to a pressure mimicking mechanism related to the non-
minimal coupling. The case of a spherically symmetric black hole surrounded by fluid matter is
analyzed, and it is shown that under equilibrium conditions the total fluid mass is about twice that
of the black hole. Finally, a generalization of the Newtonian potential for a fluid element is proposed
and its implications are briefly discussed.
PACS numbers:
I. INTRODUCTION
The recent revival of interest in alternative gravity
models, motivated chiefly by the possibility of explaining
the accelerated expansion of the Universe and the flatten-
ing of the rotation curves of galaxies without the need to
introduce dark energy and matter, has led to a number of
studies on the so-called “f (R) theories”, where the linear
scalar curvature term of the Einstein-Hilbert action is re-
placed by a more general function of the same invariant
[1]. Although these models have attracted a great deal
of attention, it is interesting to take the generalization
a step further and consider a non-minimal coupling be-
tween matter and geometry [2–4], which can be achieved
by postulating an action of the form
S =
∫ [
1
2
f1 (R) + (1 + λf2 (R))Lm
]√−gdx4, (1)
where fi (R) are arbitrary functions of the scalar curva-
ture R, Lm is the Lagrangian density of matter, g is the
metric determinant, and λ is a coupling constant that
can be used to gauge the contribution of f2(R). The
standard Einstein-Hilbert action is recovered by taking
f2 = 0 and f1 (R) = 2κ (R− 2Λ), where κ = c416piG and Λ
is the cosmological constant.
Varying action (1) with respect to the metric coeffi-
cients yields the field equations
(F1 + 2λF2Lm)Rµν − 1
2
f1gµν = (2)
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(∇µ∇ν − gµν ) (F1 + 2λF2Lm) + (1 + λf2)Tµν ,
where Fi (R) = f
′
i (R), and the energy-momentum tensor
is defined, as usual, by
Tµν = − 2√−g
δ (
√−gLm)
δgµν
. (3)
Among the various interesting features of this model,
perhaps the most striking is the non-conservation law
∇µTµν = λF2
1 + λf2
(gµνLm − Tµν)∇µR. (4)
This work aims to examine the implications of Eq. (4)
for Kerr-like metrics and for the generalization of the
Newtonian potential.
This paper is organized as follows: section II explores
the possibility of adapting static, axially symmetric met-
rics to regions of space-time permeated by a presureless
perfect fluid in or near hydrostatic equilibrium, and dis-
cusses the Schwarzschild-like case in some detail; a gener-
alization of the Newtonian potential is examined in sec-
tion III, and its implications are briefly discussed. In
Section IV we present our conclusions.
II. AXIAL SYMMETRY IN A STATIC
PRESSURELESS FLUID WITH NON-MINIMAL
GRAVITATIONAL COUPLING
Consider a static, axially symmetric system described
by a metric of the form
ds2 = gttdt
2 +grrdr
2 +gθθdθ
2 +gφφdφ
2 + 2gtφdtdφ, (5)
with ∂tgµν = ∂φgµν = 0. Since we want to study the
effects of a non-minimal coupling between matter and
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2geometry, it is pointless to consider a vacuum situation.
As such, we will admit a matter distribution modeled
by a pressureless perfect fluid in or close to hydrostatic
equilibrium. This case is chosen as it exhibits two attrac-
tive features: firstly, it is sufficiently simple to be treated
analytically, while still displaying the consequences of a
non-minimal coupling; secondly, it can be used to model
a number of physically interesting systems.
One can then write
Tµν = ρuµuν , (6)
uµ ' (ut, 0, 0, 0) ,
where ρ is the density, and (ut)
2
= − (gtt)−1. Notice
that the last relation implies gtt < 0, which immediately
disables a Kerr metric identification. Using Lm = −ρ
(see Ref. [5] for a discussion), one can readily show that
Eq. (4) imposes the restrictions
∂i ln (−gtt) = ∂i (−gtt)
(−gtt) = −
2λF2 (R)
1 + λf2 (R)
∂iR, (7)
with i = r, θ. Eq. (7) introduces a rather surprising
functional relation between gtt and R. It is interesting to
compare the above result with the equation of hydrostatic
equilibrium (for a fluid with pressure p and density ρ)
arising from the spherically symmetric case in General
Relativity, often used in studies of stellar structure [6]:
∂r (−gtt)
(−gtt) = −
2
ρ+ p
∂rp. (8)
The similarity of Eqs. (7) and (8) suggests the non-
minimal coupling acts as an effective pressure. Indeed, by
noting that in the spherically symmetric case R ≡ R (r),
one has ∂∂R =
∂r
∂R
∂
∂r [16], so that the numerator of Eq. (7)
reads 2
(
∂R
∂r
∂r
∂R
)
∂r (λf2) = 2∂r (λf2), where we have used
∂R
∂r
∂r
∂R = 1. If one now considers ρ ' ρ0 = constant (we
shall argue later that matter in the vicinity of a black
hole behaves asymptotically as ρ ∼ ( rsr )5, where rs =
2GMBH is the Schwarzschild radius, so this assumption
is not too unrealistic for r  rs), then ρ0∂r (λf2) =
∂r (λρ0f), and one can write Eq. (7) as
∂r (−gtt)
(−gtt) = −
2
ρ+ peff
∂rpeff , (9)
where peff = λρ0f2 (R (r)).
Notice also that if gtt does not depend on r or θ, nei-
ther does R (provided λF2 6= 0). In particular, tak-
ing the Minkowski case gtt = −1 immediately yields
R = constant, independently of the remaining metric co-
efficients (however, remember we are considering a static
situation, so this result does not apply to the Friedmann-
Robertson-Walker metric). Moreover, if ∂rgtt 6= 0 (or
∂θgtt 6= 0) and 1 + λf2 (R) 6= 0, one can divide both
equations to arrive at
∂θgtt
∂rgtt
=
∂θR
∂rR
, (10)
which shows an even more straightforward relation be-
tween the derivatives of gtt and R.
Before proceeding, two important comments are in or-
der. At first, it does seem that Eq. (7) is flawed, since
it forbids the Kerr/Schwarzschild case. That apparent
problem arises from implicitly assuming that ρ 6= 0 when
deriving the result. The vaccum case ρ = 0 yields the
trivial relation 0 = 0. Second, although it may seem that
Eqs. (7) and (10) are totally independent of ρ, that is not
quite correct. Indeed, the matter density influences gtt,
which, in turn, influences R. One can go even further and
assume that Einstein’s equations hold approximately, re-
sulting in R ' ρ/2κ, so that Eq. (10) reads
∂θgtt
∂rgtt
' ∂θρ
∂rρ
, (11)
showing a definite dependence on ρ. Nonetheless, it
should be stressed that the above equations represent
additional constraints on gtt, R and ρ.
To continue, we must cast Eq. (7) in a different form.
Firstly, let’s show that ∂∂R =
∂r
∂R
∂
∂r =
∂θ
∂R
∂
∂θ . Considering
R ≡ R (r, θ), the chain rule reads ∂∂R = ∂r∂R ∂∂r + ∂θ∂R ∂∂θ .
However, to compute ∂r∂R (or
∂θ
∂R ) one must express r as
a function of R, which is not possible, in general, since
R also depends on θ. To solve this issue, define a new
variable Θ ≡ Θ (r, θ) = θ, so that for sufficiently well-
behaved R functions one can write r ≡ r (R,Θ) and
θ = θ (R,Θ) = Θ. This implies ∂θ∂R = 0, proving the
first equality. The second can be proved using the same
procedure.
By making use of the result derived above, one can
now write
− 2λF2 (R)
1 + λf2 (R)
∂iR = −2∂i (1 + λf2)
1 + λf2
= −2∂i [ln (1 + λf2)] , (12)
where, as before, we have used ∂R∂r
∂r
∂R =
∂R
∂θ
∂θ
∂R = 1.
Inserting Eq. (12) into Eq. (7) yields
∂i
[
−gtt (1 + λf2)2
]
= 0 i = r, θ (13)
which finally leads to
1 + λf2 (R (r, θ)) =
C√−gtt , (14)
where C is an integration constant. Note that gtt must be
a function of λ satisfying gtt (λ = 0) = −1, which fixes
C = 1. Although Eq. (14) does not specify how the
coupling depends on R, it determines how the function
f2 varies with r and θ, provided one knows the functional
form of gtt, an information that is potentially more useful.
As an example, it immediately follows that f2 → ∞ as
gtt → 0. Moreover, since gtt is related to the Newtonian
potential Φ, one expects that the strength of the coupling
is associated with the motion of test particles.
3A. Spherical symmetry
Having discussed the model in a general axially sym-
metric framework, we are now in conditions to add up
further assumptions so that it is possible to evaluate its
applicability to situations of physical interest.
Spherical symmetry is perhaps the simplest case to
consider. In that case, we immediately have the iden-
tities
gtφ = 0, (15)
gφφ = r
2 sin (θ) , (16)
gθθ = r
2, (17)
∂θgµν = 0. (18)
Furthermore, we can assume that gtt and grr are func-
tions of r only. Although these restrictions greatly sim-
plify calculations, Eq. (2) still seem to be too involved
to allow for a straightforward mathematical treatment,
even considering the general relativistic choice f1 = 2κR
for the geometric part of the Lagrangian. As such, we
will try to pursue a different approach here, motivated
chiefly by comparisons with GR. Though less rigorous, it
allows establishing some tentative results, possibly shed-
ding some light into the physical meaning of the non-
minimal coupling.
Consider the case of a spherical black hole of mass
MBH surrounded by a pressureless perfect fluid of density
ρ. We could argue that the space-time structure in the
vicinity of a BH is dominated by its presence, and try
to describe it using the familiar metric gtt = −1 + rsr ,
grr = −1/gtt, and gθθ,gφφ as above, where rs = 2GMBH
is the usual Schwarzschild radius. However, this choice
has gtt > 0 for some r, violating the condition imposed
upon gtt at the very inception of this model. Naturally,
there are a number of different ways to tackle this issue.
A rather straightforward alternative is to add a constant
rc ≥ r∗s to the denominator, resulting in gtt = −1 + r
∗
s
r+rc
and 1 + λf2 =
√
1 +
r∗s
r+rc−r∗s . Here r
∗
s = αrs, where α '
3. This modification stems from the fact that for r  rc
one recovers a spherically symmetric vaccum metric, i.e.,
gtt → −1+ r
∗
s
r . However, one must now take into account
the mass of fluid present near the black hole, so that
rs = 2GMBH → r∗s = 2GMtotal, where Mtotal = MBH +
Mf = αMBH , and Mf is the fluid’s mass. We shall show
later that, in first approximation, Mf ' 2MBH , so that
α ' 3. Finally, notice that rc controls the onset of a
vaccum metric. Again, we shall show that about 90% of
the fluid’s mass is concentrated inside a sphere of radius
3r∗s , suggesting that we should take rc = r
∗
s . Although
this choice makes the coupling singular at r = 0, this
is not much of a problem, as the curvature scalar is also
singular there, and it could be taken rc = r
∗
s + and later
assume → 0. This leads to [17]
gtt = −1 + r
∗
s
r + r∗s
, (19)
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FIG. 1: Contribution of the various terms on the RHS
of Eq. (23) as a function of r/r∗s : the Laplacian one
3
κ λF2Lm, in dashed line, and the remaining trace term
− 12κ (1 + λf2)T , in full line. Although they are approxi-
mately equal for r > r∗s , the trace term clearly dominates
in the inner region, where most of the matter is concen-
trated.
and hence
1 + λf2 =
√
1 +
r∗s
r
. (20)
Having fixed gtt, the only relevant quantity still amiss
is grr. Bearing in mind the discussion presented above,
one expects that sufficiently far away from the black hole
a Schwarzschild metric should reasonably describe the
system (provided f1 = 2κR, an assumption we are con-
sidering through the rest of this work). This motivates
the Ansatz grr = −1/gtt, or
grr =
1
1− r∗sr+r∗s
. (21)
It may be that both gtt and grr deviate considerably from
an exact solution at some points. However, they should
hold reasonably well in the outer region, and we expect
that the added constant may approximately reproduce
the dynamics of the inner region too. Moreover, the as-
sumed simple forms allow for a straightforward calcula-
tion of the curvature scalar
R =
2r∗3s
r2 (r + r∗s)
3 . (22)
As previously pointed out, there is a singularity at r = 0,
and the horizon condition gtt(rH) = 0 yields rH = 0, that
is, the event horizon coincides with the singularity.
Before proceeding to an explicit calculation of ρ, it
is instructive to analyze the physical consequences of a
non-minimal coupling.
The trace of Eq. (2) (for f1 = 2κR) reads(
1− λ
κ
F2Lm
)
R =
3
κ
(λF2Lm)− 1
2κ
(1 + λf2)T.
(23)
4If one neglects the terms containing derivatives of the
coupling, Eq. (23) can be cast in the approximate form
R ' 1
2κ
(1 + λf2) ρ. (24)
Consider now that the non-minimal coupling (NMC)
does not disturb the metric significantly, so that we may
take RGR ' RNMC , where RGR and RNMC stand for the
curvature scalar of General Relativity (GR) and NMC
theory, respectively. Dividing Eq. (24) by the corre-
sponding GR relation leads to
ρGR
ρNMC
= 1 + λf2. (25)
Eq. (25) suggests the following physical picture: if at
some point 1 + λf2 > 1, then ρ
GR > ρNMC , meaning
GR’s space-time can accommodate a greater density of
matter when compared to the NMC case. From an ener-
getic point of view, and recalling that we are dealing with
a static equilibrium situation, the amount of matter that
minimizes the potential is inferior in the NMC scenario.
The contrary holds if 1 + λf2 < 1. To summarize, the
NMC is energetically favorable (in the sense that it ac-
commodates more matter than GR in equilibrium condi-
tions) if 1+λf2 < 1, and unfavorable in case 1+λf2 > 1.
From Eq. (20) one immediately has 1 + λf2 > 1 for all
r, and indeed we shall show that MGRf  MNMCf , rein-
forcing the physical reasoning presented above. Finally,
note that although we have considered an example with
unfavorable coupling, it is not difficult to envisage a sce-
nario where −gtt > 1 and hence 1 +λf2 < 1. However, it
is not possible to recover the asymptotic Schwarzschild
vacuum in that case, making it a rather odd choice.
If one inserts Eqs. (19) and (22) into (23) and neglects
the Laplacian term, the fluid’s density can be easily com-
puted,
ρ (r) =
ρcp(
r
r∗s
)3/2 (
1 + rr∗s
)7/2 (1 + r∗s5r + r∗s
)
, (26)
where ρcp =
4κ
r∗2s
. In order to justify neglecting the term
3
κ (λF2Lm), we estimate its contribution. From Fig.
(1), it is immediately clear that in the region r < r∗s ,
where most of the matter is concentrated [18], the term
− 12κ (1 + λf2)T dominates. As such, even though they
are approximately equal for r > r∗s , the contribution of
the Laplacian term is minute, and, in first approximation,
negligible.
Eq. (26) can be exactly integrated to yield the mass
of fluid inside a sphere of radius r. However, the result-
ing expression is quite cumbersome and not particularly
enlightening. In order to cast the equation in a slightly
more manageable form, one may note that the last term,
1+
r∗s
5r+r∗s
, is dimensionless and bounded between 1 and 2.
This suggests the tentative substitution 1 +
r∗s
5r+r∗s
→ β,
where β ∈ ]1, 2[ is a constant that can be fixed later
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FIG. 2: Comparison between the exact Mf (r) solution
(dashed) and the approximate one (full) for β = 1.28.
The difference between the two never exceeds 7% of the
total mass.
by comparison with the exact solution. Performing this
replacement, Eq. (26) reads approximately
ρβ (r) ' β ρcp(
r
r∗s
)3/2 (
1 + rr∗s
)7/2 , (27)
where the subscript β was added to differentiate it from
the exact case. The interesting feature is that one has
now written the density in the form of a well-known
profile type, specifically the generalized spherical cusped
profile [7–10], having density scale β 4κr∗2s
and typical
length r∗s . Integrating the result over a sphere of radius
r, we find that the mass of fluid enclosed in such volume
to be
Mf (r) = β
32piκr∗s
15
r3/2 (2r + 5r∗s)
(r + r∗s)
5/2
, (28)
and taking the limit r → +∞, the total fluid mass reads
Mf = β
64piκr∗s
15
= β
8α
15
MBH , (29)
where we have used κ = 116piG =
MBH
8pirs
. Inserting
Eq. (29) into Eq. (28), it can be readily shown that
Mf (r
∗
s) ' 0.6Mf and Mf (3r∗s) ' 0.9Mf , proving the
previous claims about the matter distribution. To con-
clude the calculation, we must determine α and β. From
Mf +MBH = αMBH it is immediate that
α =
1
1− 8β15
. (30)
The remaining constant, β, can be fitted using data from
the exact solution, yielding the result β ' 1.28. Fig (2)
illustrates a graphic comparison between the exact solu-
tion and the approximate one. The difference between
the two never exceeds 7% of the total mass. Using this
5result, we finally obtain
α ' 3.15,
Mf ' 2.15MBH . (31)
Eq. (31) predicts that the total fluid mass in the vicinity
of a spherical, static black hole should be roughly twice
that of the black hole itself. Notice that if one had used
the general relativistic equation R = ρ/2κ, the condition
on α would be (assuming β ' 1) α = 1+α. Although this
equation has no solution, one can think that in the limit
α  1 the equality is approximately verified, leading to
MGRf MGRBH , and, consequently, MGRf MNMCf , sug-
gesting, as previously remarked, that the NMC’s space-
time accommodates much less matter in equilibrium than
its general relativistic counterpart. This strengthens the
idea that the NMC acts as an effective fluid pressure.
III. GENERALIZATION OF THE NEWTONIAN
POTENTIAL FOR A PERFECT FLUID
Consider the non-conservation Eq. (4) and the stress-
energy tensor of a perfect fluid
Tµν = (ρ+ p)uµuν + pgµν . (32)
Introducing the projection tensor hµν = gµν + uµuν , Eq.
(4) can be used to show that the equation of motion for
a fluid element is given by [2]
duµ
dτ
+ Γµαβu
αuβ = fµ, (33)
where the RHS reads
fµ =
1
p+ ρ
[
λF2
1 + λf2
(Lm − p)∇νR−∇νp
]
hµν . (34)
Regarding Eq. (34), the second term on the right is just
the usual pressure gradient acceleration. However, the
first is an extra force that arises from the NMC. If one
inserts Lm = −ρ and uses the previously proven iden-
tity [19] λF2∇νR = ∂ν (1 + λf2) = ∂ν (λf2), it can be
cast in the form
fµNMC = −
∂ν (λf2)
1 + λf2
hµν . (35)
Once again, multiplying numerator and denominator by
ρ and assuming a near constant density, one ends up with
a NMC force that resembles the pressure gradient case
of GR.
Assuming the usual Newtonian limit approximations
gµν = ηµν + µν , where ηµν = diag (−1,+1,+1,+1) and
|µν |  1, dtdτ ' 1 and
∣∣∣dxidt ∣∣∣  1, the LHS of Eq. (33)
can be simplified to
dui
dτ
+ Γiαβu
αuβ ' d
2xi
dt2
− 1
2
∂itt, (36)
the index i running over the space coordinates. Noting
additionally that hiν ' ηiν = δiν , the full Eq. (33) reads
approximately
d2xi
dt2
= ∂i
[
gtt + 1
2
− ln (|1 + λf2|)
]
− 1
ρ+ p
∂ip, (37)
where the identities tt = gtt + 1 and
∂i (λf2) / (1 + λf2) = ∂i ln (|1 + λf2|) were used. It
can be seen that the NMC gives rise to an additional
force, and its form suggests the gravitational potential
should be generalized to
Φ = ln (|1 + λf2|)− 1
2
(gtt + 1) + Φ0. (38)
The inclusion of an extra term in the potential can lead
to a vast number of consequences [11, 12]. As a practical
example, it is not difficult to envisage a coupling, whose
effects would only be noticeable at a galactic level, that
could account for the flattening of the rotation curves of
galaxies [13]. However, such study is clearly outside the
scope of this work. Instead, one may try to further ex-
plore the physical meaning of a NMC in a rather general
context. To achieve that, consider the usual Newtonian
choice gtt + 1 ' rscr , where rsc is a constant that sets the
length scale (typically the Schwarzschild radius), and a
coupling of the form
1 + λf±2 = 1±
(
rsc
r + rsc
)n
. (39)
The different signs are used to study both 1 + λf2 > 1
and 1 + λf2 < 1 cases. It is also convenient to take
n > 1 so that the term 12 (gtt + 1) dominates when r →
+∞, although other choices may also be admissible, and
indeed, we shall show that the case presented in section
II A yields a physically meaningful coupling that may be
cast in the form of Eq. (39) with n = 1 when r  rsc.
Defining fGRr = −rsc/2r2 and neglecting the pressure
gradient, the radial force per unit mass f±r reads
f±r = f
GR
r +
n
r + rsc
(
rsc
r+rsc
)n
(
rsc
r+rsc
)n
± 1
. (40)
Notice the last term is positive (negative) if one takes the
+ (−) sign. This leads to∣∣f+r ∣∣ < ∣∣fGRr ∣∣ ,∣∣f−r ∣∣ > ∣∣fGRr ∣∣ , (41)
which tells us that the corrected gravitational force is
weaker (stronger) than the Newtonian one when 1+λf2 >
1 (1 + λf2 < 1). Fig. (3) exhibits this feature graphi-
cally for n = 3. Notice that Eqs. (41) are valid even if
0 < n ≤ 1. This result reinforces the arguments already
presented in section 2: it seems that a supra-unitary cou-
pling weakens the link between geometry and matter,
while a sub-unitary one strengthens that connection.
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FIG. 3: Comparison between fGRr (full), f
+
r (dot-
dashed) and f−r (dashed) for n = 3. It is visible that
|f+r | <
∣∣fGRr ∣∣, meaning the corrected gravitational force
is slightly weaker than the Newtonian one when 1+λf2 >
1. By the same token, a coupling with 1 +λf2 < 1 yields
a stronger gravitational pull. Once again, this suggests
that a supra-unitary couple is disfavorable (in the sense
that it weakens the connection between geometry and
matter), while a sub-unitary one is favorable.
To conclude, let us study the application of the general-
ized gravitational potential derived above to the situation
described in the first part of this paper.
Inserting Eq. (14) into Eq. (38), one has
Φ = −1
2
[gtt + 1 + ln (−gtt)] . (42)
If gtt is written as gtt = −1+ξ (r), where ξ (r) is a positive
decreasing function of r obeying ξ (r) < 1 (a condition
imposed by gtt < 0), then
∂rΦ =
ξ′ (r)
2
ξ (r)
1− ξ (r) . (43)
This gives rise to a positive (repulsive) radial force. To
understand this result, recall, firstly, that we are dealing
with a situation of equilibrium. Indeed, using Eqs. (19)
and (21) one can easily verify that Eq. (33) is exactly
satisfied when uµ = (ut, 0, 0, 0) with (ut)
2
= − (gtt)−1.
However, if this equilibrium is disturbed by the addition
of a fluid element, for example, that element is repelled
to the outskirts. This is in agreement with the interpre-
tation of the NMC as an effective pressure. In a general
relativistic non-vacuum static situation, the gravitational
pull is balanced by the pressure gradient to avoid col-
lapse, and a similar situation occurs: the fluid particle
will be attracted through vacuum, but once it steps in-
side the matter permeated region the pressure will exert
a repulsive force that pushes the element outwards. Since
one is assuming space is completely filled up with matter
(i.e., ρ (r) reaches out to infinity), the force experienced
by a test fluid element is always repulsive. Naturally, in
a more refined and realistic model one could assume that
matter is concentrated within a spherical shell, with vac-
uum on the outside. Nevertheless, the example consid-
ered is sufficient to convincingly suggest that the effects
of a non-minimal coupling mimic those of an effective
pressure.
IV. CONCLUSION
In this work, we have explored the consequences of a
modified theory of gravity with a non-minimal coupling
between geometry and matter as suggested by action Eq.
(1). In order to do so, a general axially symmetric, static
situation was considered in first place, assuming a matter
distribution modeled by a pressureless perfect fluid. This
led to Eq. (7), and, ultimately, to Eq. (14), which shows
that the coupling, 1 + λf2, and gtt are closely related
through a rather simple functional form.
The study of a spherically symmetric black hole sur-
rounded by pressureless matter was then examined.
Since an exact Schwarzschild solution could not be con-
sidered due to restrictions on gtt, one assumed metric co-
efficients that resembled the vacuum case when r → +∞,
justified by admitting that sufficiently far from the black
hole one should have an “almost Schwarzschild” solution,
while being significantly different in the inner regions,
that is, r ∼ rs. This permitted an explicit calculation of
the matter density ρ, which was shown to approximately
fit into the generalized spherical cusped profile widely
present in the literature. The total mass of fluid was
then determined and shown to be about twice the mass
of the black hole. A brief comparison with the general
relativistic case, which predicted a much larger amount
of mass, suggested that the non-minimal coupling could
be regarded as an effective pressure, and stipulated the
conditions under which this coupling could be regarded
as favorable or unfavorable to the connection between
geometry and matter: 1 + λf2 < 1 and 1 + λf2 > 1,
respectively.
Finally, in section III it was demonstrated that when
one considers the Newtonian limit in a non-minimal cou-
pling theory, an additional logarithmic term appears in
the classical gravitational potential. It seems rather clear
that such modification may have a wide range of im-
plications. At the very least, it can be used to place
constraints on the non-minimal coupling through com-
parison with Solar System tests [4]. However, such pro-
cedure would be well outside the scope of this paper,
and, as such, will be pursued elsewhere. Instead, an ar-
gument was presented which solidifies the idea that a
supra-unitary coupling weakens the association between
gravity and matter, whereas a sub-unitary one strengths
that relation. To conclude, the case presented in section
II was inspected under the modified gravitational poten-
tial, leading, once again, to the idea that the non-minimal
coupling plays the role of an effective pressure.
Although not particularly focused on any fracturing
issue of contemporary cosmology (the accelerated expan-
7sion of the Universe [14], the flattening of the rotation
curves of galaxies [13], or the mimicking of the cosmolog-
ical constant [15], which were previously considered in the
context of NMC theories), the present work shows that
a theory with a non-minimal coupling between curvature
and matter can yield some new and physically relevant
results, especially when applied to astronomical objects
whose nature is still poorly known, such as black holes.
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